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Statistical analysis of catch-at-age
data with correlated errors

Ransom A. Myers and Noel G. Cadigan

Abstract: We extend the statistical model used to estimate abundance from commercial catch-at-age
data for many of the major commercial fish species in the world. The model we consider combines
commercial catch-at-age data and research survey estimates of fish abundance; we extend the model
to allow correlated errors among ages within a year for the survey estimates of fish abundance. We
also formulate a method for modeling the fishing mortality on the oldest ages of the fish caught.
Estimates are obtained using maximum likelihood. We conclude that the level of correlation among
ages is sufficiently large to produce large biases in the standard methods for some stocks. The
statistical model that includes correlated errors greatly reduces bias and increases efficiency if the
correlation in the estimation error is large.

Résumé : Nous avons élargi le modele statistique utilisé pour estimer 1’abondance & partir des
données des prises commerciales selon ’dge d’un nombre des principales espéces commerciales
du monde. Le modele utilisé réunit les données des prises commerciales selon I’4dge et les
estimations d’abondance des relevés de recherche; nous I’avons élargi afin de tenir compte des
erreurs corrélées entre les dges au sein d’une méme année des estimations d’abondance des
relevés. Nous avons aussi formulé une méthode pour la modélisation de la mortalité par péche des
poissons les plus 4gés capturés. Les estimations sont obtenues par maximum de vraisemblance.
Nous concluons que le niveau de corrélation entre les ages est suffisamment élevé pour donner
lieu a d’importants biais lors de 1’application des méthodes habituelles a certains stocks. Le
modele statistique a erreurs corrélées permet de fortement réduire les biais et d’accroitre
I’efficacité lorsque la corrélation de 1’erreur d’estimation est importante.

[Traduit par la Rédaction]

introduction

The management of the most important marine fisheries
of the world rely on catch-at-age models to make esti-
mates of population abundance using commercial catch-
at-age data and research survey estimates of abundance
from research surveys or commercial catch rates. How-
ever, there are severe problems with the models presently
in use because they can be very misleading. Abundance
appears to be overestimated in the most recent years (ICES
1991). This can have disastrous consequences for a fishery
because it can lead to overexploitation and depletion of
the population before assessment biologists are aware of the
problem. The purpose of this paper is to investigate some
of the statistical and population dynamics modeling assump-
tions used in the analysis of catch-at-age data.

We examine two aspects of the formulation of statisti-
cal catch-at-age models. First, we examine the model error
structure. In most models the errors in the research survey
estimates of abundance-at-age are assumed to be inde-
pendent among ages. However, Myers and Cadigan (1993)
and Pennington and Godg (1995) have demonstrated that
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this assumption is not valid for many research surveys of
juvenile fish abundance. They found from analyses of mul-
tiple surveys of the same population that there are gener-
ally positive correlations in the errors among ages for a
given year. For example, if the number of 3 year olds was
overestimated in 1990, the number of 4 year olds was usu-
ally overestimated as well. Walters and Punt (1994) exam-
ine a similar model to ours but use Bayesian approach
rather than the maximum likelihood approach used here.

The second problem we address is how to formulate
the catch-at-age model. Normally an assumption about the
fishing mortality at the oldest age is made that yields an
expression for the numbers at that age. We consider a gen-
eral formulation because ad hoc methods have been used in
the past, and they may yield very different estimates of
biomass. For example, two alternative formulations of the
fishing mortality at the oldest age for cod on the south-
ern Grand Banks of Newfoundland produced different esti-
mates of biomass by a factor of two (Davis et al. 1994).

Our approach for both of these problems is to construct
statistical models in a hierarchical fashion that allow sim-
ple and more complex models to be tested using standard
likelihood ratio methods. We apply our models to four
data sets and use data based simulations to test our meth-
ods and to determine the conditions under which the cor-
related error model can be expected to improve estimates
of abundance. In the companion paper to this one, we
extend the models to examine hypotheses about changes
in natural mortality (Myers and Cadigan 1995).

Can. J. Fish. Aquat. Sci. 52: 1265-1273 (1995). Printed in Canada / Imprimé au Canada



1266

Methods

Commercial catch-at-age data are analyzed jointly with
research vessel estimated numbers-at-age using statistical
virtual population analysis (VPA) models (Megrey 1989;
Hilborn and Walters 1992). In these models, population
numbers-at-age are estimated in the last year for which
survey data are available, and then the age composition for
all years is constructed. Although a variety of these mod-
els have been proposed (Gavaris 1988; Hilborn and Walters
1992; Mohn and Cook 1993), they share many common
assumptions. We will base our approach on the methods
used in the current assessments in eastern Canada, the
eastern United States, and in the Northeast Atlantic by
ICES (International Council for the Exploration of the Sea).

Population model

Some notation is first developed. N, is the number of age
a fish in the population at the beginning of year y. C,, is
the number of age a fish in year y that are caught by the
fishery. Lowercase letters are used to denote log trans-
formed quantities, e.g., n, , = log(N, ). The number of
ages and years modeled are A and Y, respectively.

The model for numbers-at-age is

_ mi2 m
[1] Na,y_ Ca,ye + Na+1,y+1e

where m is the natural mortality rate, in units of year_l,
which is usually assumed to be constant for all ages and
years (Pope 1972). The catches are assumed to occur
halfway through the year in Eq. 1.

Let F,, denote the fishing mortality rate and Z, = m +
F,, denote the total mortality rate. F, , is defrned as

N
F, ,=-log — 2 |
Na+l,y+1

Numbers-at-age A for all years other than Y are computed
using an estimate of F, , based on the estimate of fishing
mortalities in year y at ages less than A and the observed
catch, C, . For the observed catch and estimated F, ,, N,
is computed as

Cayexp(m/2)
1—exp(=F} ,)

The fishing mortality at the oldest age is estimated as

—-awaa oy

where a, is a parameter to be estimated and w, is a pre-
determlned weight constrained such that Y27 w =1. The
weights, w,, are chosen over the ages in Wthh the fish-
ing mortality is well estimated. We investigate placing
reasonable constraints on the «,’s.

The above formulation allows the population to be
reconstructed, i.e., estimates made of N, , if the numbers-
at-age at the last year and the a,’s are estimated. We will
call the numbers-at-age in the last year survivors and they
will be denoted by S, = N,y and 5, = n,,. Given esti-
mates of the S,’s, the numbers-at-age for all the cohorts
represented in the last year can be reconstructed using

2] Ny,=
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Eq. 1. Given the o’s, all other numbers-at-age can be con-
structed using Egs. 2 and 1. Thus, the goal of the procedure
is to estimate the survivors (S,’s), and the a’s.

The key assumptions in the population dynamics model
are as follows.

(1) The population dynamics are described by Eq. 1. This
equation is usually an approximation (Mertz and Myers
1996). Myers and Cadigan (1995) examined the error that
results from making this assumption if the true fishing
mortality was constant throughout the year. For northern
cod, which had the highest fishing mortality, we found
that the error was less than 3% for estimates of popula-
tion abundance for all years.

(2) Catch-at-age is known without error. There are unknown
misreporting and aging errors in the catches that could
lead to considerable error in catch-at-age. We address this
problem in the discussion.

(3) Fishing mortality on the oldest age is a weighted average
of the fishing mortality at younger ages multiplied by «,.
(4) Natural mortality, m, is known and does not change
with age or time. For the cod stocks considered, we will fol-
low the usual assumption that m = 0.2 for all years and
ages. In Myers and Cadigan (1995) we analyze changes
in m over time.

Statistical models

Let R, , be a random index of abundance from a research
survey and let r,, = log(R, ). We will not d1st1ngu1sh
between a random variable and its observation by using
the usual notation (normally upper and lower case is used
for this purpose but the convention is in use here for log-
arithms); however, the distinction will be made when
necessary.

Independent errors
The usual statistical model used in the analysis of com-
mercial catch-at-age data assumes that the deviations in
the log survey estimates from the population model are
distributed as uncorrelated, normal random deviates with
constant variance, i.e.,
Bl r,=q,+n,,
» ¥ N0,
where q, 18 the log catchability of the research surveys-
at-age a and * d denotes independently, identically distrib-
uted over years and ages. The parameter ¢ is the proportion
of the year that has been completed when the survey takes
place; for example, if the surveys take place in November,
we would set ¢ = 11/12. Equation 3 applies to some subset
of the ages and years the population model covers.

The research surveys index of abundance is related to the
estimated numbers-at-age by the catchability of the research
gear. Fish at different ages are not caught with the same
efficiency in the research surveys; thus, the log catchability
coefficients (g,’s) are estimated for each age separately.

The parameters we estimate are the A survivors in year Y,
the A survey catchability coefficients (by age), and the
a,’s. Note that n,, is a nonlinear function of the survivors
and a,’s.The variance of the €, (o) is also estimated.
Let r be the random A X Y matrlx of log survey numbers:

- z‘Za,y + €4,
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and let r be the AY X 1 vector of log survey numbers
formed by stacking the columns of r:

r

r,

Yoy =

Ty
The variance—covariance matrix is 3, = cov(r) = oI,
where I is a AY X AY identity matrix.

Correlated errors

We consider an alternative statistical model that allows
for correlated errors among ages in each year.We add a
random effect, &, for years:

[4] ay=qat Mgy~ tZa,y +te,,t §y

[51 e,, ¥ N(©0,0%), and £, ¥ N(0,$),

This is a mixed effects model in which all errors are equally
correlated within a year but are 1ndepcndent between years,
the correlation is p = d)/((r + ¢). The variance—covariance
matrix is ¥ = cov(r) = ¢’I + &I, ® U,), where ® denotes
the Kronecker product (defined in Appendix 1), I, is a ¥ X
Y identity matrix and U, is an A X A matrix of 1s.

Linear models with random components, i.e., mixed
models, are a well developed branch of statistics (Searle
et al. 1992). Our models are applications of recent research
with nonlinear models.

Maximum likelihood estimates
Maximum likelihood methods are used to estimate the
model parameters under the two alternative error structures,
i.e., different Ys, described above. The log hkehhood I, is
given by I = k — [log(iZl) + (r — E(x))'Y" e = @N/2,
where k is a constant and 12| is the determinant of Y. The
covariance matrix is combined with a weighting matrix to
accomodate missing surveys and to extend the population
beyond the oldest age for which survey data is used for
estlmatlon The covariance matrix actually modelled is
W ! IW™! where W is a diagonal matrix of full rank.
In this analysis the elements in W are either 1 or eo; the
oo elements correspond to missing surveys and gives these
surveys zero weight in parameter estimation. Inferences
are based on the marginal likelihoods of surveys with
nonzero weights.

Maximum likelihood parameter estimates (MLEs) are
obtained using the iterative algorithms in Gumpertz and
Pantula (1992). The derivatives of Eq. 3 required in this
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algorithm are developed in Appendix 1. Gumpertz and
Pantula (1992) present a model with the same error struc-
ture as assumed here and call it a “onefold nested error
structure.”

It is useful to compare the two error assumptions on
the estimation of the survivors, the g,’s, and the a,’s. The
difference can be understood by fixing ¢ and ¢° and exam-
ining the resulting estimating functions. Assuming errors are
independent leads to a search for parameter estimates that
minimize the total error sum of squares:

(6] 22«32 fo*

where e, , =r,, — r Assummg errors are correlated
within years leads to mmlmlzmg

Z
IR 5 $ a)’

T (A +a’)o?

This equation is derived using the inverse formula in
Gumpertz and Pantula (1992): ¥~ l= I, ® UA()\2 A/
AN\, + Iy/\, where A, = Ad + o7 and N=0L1fd=0
then (6) and (7) are the same. The total sums of squares in
Eq. 7 is adjusted by a component as a result of the year
effects. We do not actually use Eq. 7 in our estimation,
but directly maximize the log likelihood by the method
given in the appendix.

It is useful to compare our results with those of Walters
and Punt (1994) who considered a similar approach to
estimation with correlated errors except they used a
Bayesian approach. We can rewrite Eq. 7 as

o2 22(%
[8] 2 y+ y a

where

O'

z"a ea,y
€y =3
(A+0°/d)
is the conditional mean estimator of the year effects. This

can now be be compared with Walters and Punt’s Eq. 10,
which after log transformation and removing constants

gives

Dy TR,
9] —+22

Vi V2

where V| is the time variance in the survey estlmates
(our &), V, is the age—time variance (our o 2, w), , are the
corrected residuals (our e, , — e,), and w, is their condltlonal
mean estimator of the year effects. Note that there is a
misprint in Walters and Punt (1994): in Eq. 10 the prime of
w,, was left off during typesetting. Thus, the two
approaches result in similar estimators. There are, how-
ever, two differences. First, the estimator of e, is Z e,,/A,
i.e., they left out the ratio o/ in their estimator. ThlS error
makes the Walters—Punt estimator slightly less efficient;
however, it is trivial to make this correction to their method.
Second, we have used a classical approach whereas they use

a Bayesian approach; both are valuable and useful.
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Table 1. Fish populations analyzed.

Can. J. Fish. Aquat. Sci. Vol. 52, 1995

Population Source Survey r* Ages Years
Northern cod Bishop et al. 1993 Autumn 11/12 3-12  1978-1992
Southern Grand  Davis et al. 1994 Spring 5/12 3-12  1978-1993
Banks cod
Eastern Scotian  Mohn and MacEachern 1992 July 7/12 3-11  1971-1993
Shelf cod
St. Pierre Bishop et al. 1991 February 2/12 3-12  1980-199%4
Banks cod
*Proportion of the year that has been completed when the survey took place is 7.
Fig. 1. The estimated ratio of the fishing mortality at the parameter a, = @, y = 1, 2, ..., ¥, for all y can be esti-

oldest age to the next oldest age, a, with 95% Bonferroni
confidence intervals (i.e., the level of the test is divided
by the number of estimated a,’s).

Northern Cod

<
oi

© T
= hy ha - . T -
o . (] = 1 - . . — —_
T Py s I e = T ¥ s >
e =
1980 1985 1990
Southern Grand Banks Cod
EelT T 7T+ . _ . 1 .
L, | T I v % s v =5 v
1980 1985 1990
Eastern Scotian Shelf Cod
© T T
§Y ) T T 5 T3 1L
o |* T == e e A g T - n
1975 1980 1985 1990
Year
St Pierre Banks Cod
fzv 3 T - o T - T
<o | T >+ e N A T
1980 1982 1984 1986 1988 1990 1992
Year

The likelihood ratio test is used to test statistical hypothe-
ses. To test that a subset of p parameters is equal to some
specified value, models with and without the parameter con-
straints are fit yielding reduced and full log likelihoods.
Two times the difference between the reduced and full log
likelihoods is asymptotically a chi-square random variable
with p degrees of freedom (Cox and Hinkley 1974). For
example, to test that & = O one computes twice the difference
between the log likelihoods obtained with independent and
correlated errors and compares this value with the critical
value for a Xz(l—u),l where a is the level of the test.

The above formulation allows alternative hypotheses
about the fishing mortalities at the oldest ages (F, ’s) to be
formally tested. a, may be estimated separately for each
year, which is equivalent to estimating a separate F, , for
each year. These estimates can then be examined for trends
with time, etc. If there are no trends, then a common

mated. Similarly, o, can be constrained to be constant for
one time period and then estimated separately for another
time period.

Results

We consider four cod populations in detail: the Labrador —
northern Grand Banks population in NAFO (Northwest
Atlantic Fisheries Organization) Div. 2J3KL, which we
will call northern cod, the southern Grand Banks popula-
tion (NAFO Div. 3NO), the St. Pierre Bank population
(NAFO Div. 3Ps), and the eastern Scotian Shelf popula-
tion (NAFO Div. 4VsW). We use the latest data in all-
cases except for northern cod. For this population we ter-
minated the analysis in 1992 because the fishery was closed
in that year. The catch data in 1993 are very poorly esti-
mated because it was largely recreational, by-catch, and
from non-Canadian boats beyond the 200 mile limit (Bishop
et al. 1994). The methods are applied to data sets con-
sisting of catch-at-age and survey estimates-at-age of rel-
ative abundance (Table 1). All surveys used in the analy-
sis are from directed research trawl surveys. In all cases we
use the longest survey time series available.

Fishing mortality at the oldest age

We first ask if it is reasonable to estimate the ratio of fish-
ing mortality in age A to A — 1 for each year separately. In
doing so, if the maximum survey age is less than A it is
necessary to constrain o, o, ..., a; (d = A — maximum
survey age) because there are no survey data for these
cohorts. All models with year specific a,’s produced sig-
nificant increases in log likelihoods compared with models
with constant a’s. The estimated a,’s are presented in
Fig. 1 with 95% Bonferroni confidence intervals (i.e., the
level of the test is divided by the number of estimated
a,’s). It was necessary to constrain some a,’s because
estimates otherwise did not converge; for northern cod
Olyg79 = Qg0 fOr southern Grand Banks cod 477 = @975 =
01979, and for eastern Scotian Shelf cod aq,3 = @tjg9¢ =
a9, = average of the other «,’s.

The significant increases in log likelihoods are caused by
only a few a,’s for each stock. No patterns are evident
in the estimated o’s indicating that the only reasonable
simplification of these models is to estimate a common
a. We recommend doing this for several reasons: first, the
errors in the catches at ages A and A — 1 are likely to be
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relatively large and some of the significant a,’s may in
fact not be significant if the variability in the catch data
could be included; second, the estimates of survivors for
younger ages did not change very much whether year spe-
cific or a constant a is estimated; and finally, estimating
year-specific a’s is numerically difficult.

We next consider different assumptions about the fish-
ing mortality at the oldest age, F, ,. For each population,
we estimate six models that represent the range of assump-
tions commonly used in practise.We assume that errors
are correlated; results presented later suggest that there is
little loss of statistical power by assuming random year
effects exist when they don’t. If g, is estimated then it is
necessary to constrain it to equal g,_, (or some other rea-
sonable assumption) because there is confounding between
a,’s and g,. This constraint generally does not produce
significant changes in model fits when «,’s are fixed. The
results (Table 2) demonstrate that the assumption F, , =
F,_,, is generally the most parsimonious. In no case was
there evidence that the fishing mortality-at-age A was sig-
nificantly different from that at age A — 1.

Note that for southern Grand Banks cod the log likeli-
hood of two constrained models is greater than for models
without the constraints. This appears to be related to the res-
olution of the maximization algorithm (Fisher’s scoring
method) used; that is, the unconstrained solution is not
converging at the exact maximum. This is only a problem
when the parameter estimate is very close to the con-
strained value and the log likelihoods are very similar.

Correlated errors

We next consider estimates for the model under the assump-
tion F, , = F,_, , for the models with independent and cor-
related estimation errors (Table 3).

In all cases there was a very large increase in the log
likelihood with the correlated error model, i.e., in all cases
¢ was significantly different from zero. Our analysis demon-
strates that most of the model variability in the research
surveys for northern cod is due to correlated errors, i.e.,
¢ is much larger than o (Table 3). The error components
are approximately equal for southern Grand Banks cod
and St. Pierre Bank cod. For eastern Scotian Shelf cod ¢
is less than o? (Table 3).

There is a large difference in the estimated survivors
for the different error assumptions. The correlated error
model produces lower estimates of survivors in all cases
except for 3+ survivors in eastern Scotian Shelf cod. We
will use simulations to help determine the importance of
these differences.

The reason for the increase in the log likelihood is clear
from an examination of the residuals in the models that
assume independent errors (Figs. 2a and 2b). The model
errors in Eq. 4, i.e., the correlated errors model, should be
standardized to compare with those in the independent errors
model. This is done by multiplying the vector of differ-
ences between observed and predicted survey numbers by the
square-root inverse of the estimated covariance matrix (Jones
1993). Including correlated errors greatly reduces the year
effects apparent in the model errors. The year effects are
much greater for northern, St. Pierre Bank, and southern
Grand Banks than for eastern Scotian Shelf cod.
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Table 2. Model estimates under different assumptions
about the fishing mortality of the oldest age, F, .

Log
Population Ages a, likelihood (P)
Northern cod 7-9 1* —24.766
7-9 0.911 —-24.308 0.339
9-11 1* —24.237
9-11 0.839 —21.462 0.018
11 1* —22.504
11 1.096 —21.149  0.100
Southern Grand 7-9 1* —127.604
Banks cod 7-9 1.045 —127.638 —
9-11 1* —126.628
9-11 1.085 —126.641 —
1 1* —128.654
11 1.229 —128.250 0.369
Eastern Scotian  6-8 1* —204.982
Shelf cod 6-8 0.422 —199.454 0.001
8-10 1* —193.691
8-10 0.594 —187.257 0.000
10 1* —185.732
10 0941 —185.227 0.315
St. Pierre 7-9 1* —118.460
Bank cod 7-9 0.665 —117.638 0.120
9-11 1* —116.763
9-11 0.829 —116.332 0.353
11 1* -116.312
11 0.883 —115.760 0.293

Note: The first line for each population is the assumption
traditionally used in assessments. The weights used to compute
F, , are zero for the ages not listed. The survey catchability
coefficients for the two oldest ages are constrained to be equal,
ie., g1 = gs

*Estimates constrained to be 1.

A note of caution is in order. The residuals from the
independent errors fit and the unstandardized residuals
from the correlated errors fit appear to be autocorrelated
since 1987 for northern and southern Grand Banks cod
and throughout all years for eastern Scotian Shelf cod.
This suggests potential model misspecification. Sources
of this potential misspecification might be trends in the
misreporting of catches or trends in the efficiencies of the
research surveys. If the causes for the apparent trends were
known then this information could be used to improve the
analysis.

Simulation results

We use a simulation study to determine the conditions
under which the correlated error model improves popula-
tion abundance estimates. Our simulation study will use
data from the four populations, and will remain as close as
possible to the data.

We estimate the bias and efficiency of estimation with
correlated and independent errors. We generate pseudo-
research-survey estimates from the assumed population
dynamics model using the parameter estimates (Ratkowsky






