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Abstract: We analyze the model used to assess most major commercial marine fish populations, namely, sequential
population analysis (SPA). This model estimates population abundance by combining catch-at-age data with research
surveys or commercial catch per unit effort indices of abundance. We examine two maximum likelihood estimators of
SPA parameters. These estimators are based on assuming that the stock-size indices are from lognormal or gamma
distributions. Using simulations, we find that both types of estimators can have significant biases; however, our results
indicate that it is preferable to use the gamma model, because it tends to have lower bias and variability, even when
the true distribution of the stock-size indices is lognormal.

Résumé: On trouvera ici un examen de l’analyse séquentielle de population (SPA), le modèle qui est utilisé pour éva-
luer la plupart des populations de poissons marins d’intérêt commercial. Ce type de modèle estime l’abondance de la
population en combinant des données sur la capture à chacun des âges à des indices d’abondance basés sur des inven-
taires scientifiques ou sur le succès de la pêche commerciale par unité d’effort. Deux estimateurs de vraisemblance
maximale des paramètres de la SPA ont été comparés; les deux estimateurs supposent que les indices de densité des
stocks sont tirés de distributions lognormales ou gamma. Des simulations montrent que les deux types d’estimateurs
peuvent introduire des erreurs systématiques importantes; cependant, d’après ces résultats, il est préférable d’utiliser le
modèle gamma car il introduit moins de biais et de variation, même lorsque la véritable distribution des indices de
densité des stocks est lognormale.

[Traduit par la Rédaction] Cadigan and Myers 567

Introduction

Sequential population analysis (SPA) is an important model
used to provide abundance information for many major com-
mercial fisheries worldwide (Shepherd 1988). This model is
so named because it sequentially combines commercial
catches from all fish born in a given year, and uses research-
survey estimates of relative abundance (indices) or commer-
cial catch rates to estimate the present and past absolute fish
stock abundance (numbers at age). SPA is the standard
method used in the management of fish populations by both
international organizations, e.g., ICES (International Council
for the Exploration of the Sea) and NAFO (Northwest Atlan-
tic Fisheries Organization), and national governments, e.g.,
Canada and the U.S.A. Versions of this method are also used
to analyze populations of seals (Roff and Bowen 1983),
whales (Cooke 1985), and terrestrial mammals (McCullough
1979). There are serious known biases in the method pres-
ently used that have led to overestimation of abundance and

overexploitation of some populations (ICES 1991; Cook et
al. 1991). Even so, SPA has received relatively little statisti-
cal investigation.

The standard method of estimating SPAs is to use nonlinear
least squares with transformed survey indices. Transforma-
tions are used so that model errors appear homogeneously
distributed; however, another reason is that nonlinear least
squares is relatively easy to use. A log transformation in con-
junction with a normal-error assumption is commonly used,
which is equivalent to assuming that the untransformed sur-
vey indices have a lognormal distribution. However, with the
exception of Patterson (1999), the appropriate distribution for
modeling the survey indices has received little attention. Part
of the reason for the lack of statistical attention is that many
researchers examine model residuals; they feel that, if serious
problems exist with the stochastic assumptions, then these
problems should be apparent in the residuals. A second con-
jecture is that less obvious violations in distributional
assumptions have negligible effects on estimates and infer-
ences, although Patterson (1999) demonstrates otherwise in an
example. Both of these assumptions require verification. We
focus on the second assumption in this paper.

The purpose of this paper is to explore the potential sensi-
tivity of SPAs to the assumed distribution of survey indices.
A log transformation is commonly used, and is appropriate
when the model variability of the survey indices is pro-
portional to the square of their mean (constant coefficient of
variation (CV)), although other variance models may be more
appropriate for some data sets. We explore SPA estimation for
two constant CV stochastic models: the lognormal and the
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gamma. In practice, it is usually difficult to diagnose which
of these distributions is the more appropriate one to use (see
Atkinson 1982; McCullagh and Nelder 1989). It is often as-
sumed that estimates and inferences are similar for either
distribution and that, in practice, it does not matter whether
the lognormal or gamma distribution is used. We investigate
the bias and precision of maximum likelihood estimates
(MLEs) of some SPA parameters for these two distributions
using simulation studies. As well, we investigate the bias
and precision when the distribution is mis-specified, that is,
the change in bias and precision resulting from using log-
normal MLEs with gamma-distributed survey indices, and
vice versa. We also investigate the accuracy of a method for
constructing confidence intervals. Our simulations are based
on six real fish populations: Labrador cod, Southern Grand
Bank cod, Eastern Scotian shelf cod, Browns Bank cod,
Scotian Shelf pollock, and Southern Gulf of St. Lawrence
herring.

Materials and methods

SPA can be thought of as “a family of methods for converting
catch-at-age data into [population] numbers at age” (Mohn and
Cook 1993). Megrey (1989) gives a description of many methods
and models used in stock assessments, including SPA. We examine
a formulation of SPA that is commonly used for North Atlantic fish
stocks (Gavaris 1988; Hilborn and Walters 1992; Mohn and Cook
1993).

We consider a simple cohort model for a population withA age-
classes (a = 1,…,A) observed overY years (y = 1,…,Y). Let nay be
the unknown number of fish in the population at the beginning of
the year. The primary purpose of a SPA is to estimate the survivors
in yearY; that is, then1Y,...,nAY. The underlying population dynam-
ics model for the SPA formulation we consider is

(1) nay = na+1y+1 exp(m) + cay exp(m/2)

wherecay is the number of agea fish caught by the fishery in year
y and m is the annual natural mortality rate. This equation can be
used to compute all population numbers (there areA × Y of these)
from the population numbers in the last age and year (there areA +
Y – 1 of these). We assume that thec andm are known without error.
These are standard assumptions and have been used in the assess-
ments of the six stocks we consider in our simulations. Equation 1
is based on the assumption that the commercial catches are taken
halfway through the year. This approximation is from Pope (1972)
and gives good results; Mertz and Myers (1996) show how eq. 1
can be easily modified to include a seasonal pattern of catches. We
denote the survivors up to ageA in yearY as the vectornY. All nAy,
y = 1,…,Y – 1, are usually expressed in terms of survivors, using
nonlinear constraints (see Gavaris 1988; Myers and Cadigan 1995);
however, we simply estimate them. LetnA be a vector with ele-
mentsnA1,...,nAY. Although not constrainingnA adds considerably
more parameters to be estimated, the estimation is relatively easy,
because the population-dynamics model is linear in the parameter
vector n = [nA,nY].

Statistical model and estimation
Gamma and lognormal MLEs for the unknown SPA parameters,

n, are presented in this section. Survey indices and catches are
used to estimaten. We stochastically model the survey indices. In
most of the examples we consider, the surveys involve stratified
random sampling using a trawl, and the indices are the mean num-
ber of fish per tow. It is common to assume that the survey indices
reflect only an age-dependent proportion of stock abundance. This

is because, among other reasons, the trawl is size-selective. An-
other common assumption for survey indices is that their SPA
model variance is proportional to the square of their mean, that is,
constant CV. Using these assumptions, the first two moments of
our stochastic SPA model for the random survey indices (R) are

(2) E(Ray) = may = qanay

and

(3) Var( )R kay ay= m2

whereqa is an age-specific survey-catchability coefficient. Letq be
a vector with elementsq1,...,qA. The CV is k. We explore maxi-
mum likelihood estimation of then and q based on two distribu-
tions that are commonly used for constant CV stochastic models,
namely, the gamma and lognormal distributions (see McCullagh
and Nelder 1989).

Gamma SPA MLEs
Consider a gamma-distributed random variableR > 0 with m =

E(R), and letr be a realization ofR. The probability density func-
tion (PDF) for R is

p r r
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wheref > 0. For this distribution Var(R) = m2 /f, so thatk = 1/f in
eq. 3. The gamma log-likelihood forn, q, andf is
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wheremay =may(n,q). MLEs for n andq are those that maximizeLG.
It is easy to show that the MLE forqa when n is known is
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Note that~qa is unbiased forqa. The MLE for f has to be obtained
numerically. McCullagh and Nelder (1989) do not recommend us-
ing the f MLE for several reasons. They favor using the moment
estimator

$
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The estimator off we use (denoted as
~f) is different from $f only

in that then – p term is replaced byn to be consistent with the
lognormal variance parameter MLE (see next section). We use
~ ( )qa n and

~
( )f n , to reduce the number of parameters that must be

numerically estimated to justn. We find the MLE forn using the
Newton–Raphson method. The first order derivatives ofLG(n,
~,

~
q f |{Ray = ray}) are not difficult to calculate. We calculateH(n) =
¶2LG(·) / ¶n ¶n¢ by finite differences. Estimates of Var( $ )n were ob-
tained as the diagonal elements of –H–1 ($n).

Lognormal SPA MLEs
The PDF for the lognormal distribution is

p r r r( ; , ) ( ) exp{ (log *) }.m s s p m s2 1 1 0 5 2 22 2= - -- - -
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wheres > 0 andm* = log(m) – s2 /2. Log(R) is normally distributed
with meanm* and variances2 . For this distribution,

Var(R) = exp(m*) 2exp(s2){exp(s2) – 1} = km2

wherek = exp(s 2 ) – 1 in eq. 3. The log-likelihood for n, q, ands is

LN = LN(n,q,s2|{Ray = ray})

= -AY log( ) /2 22ps

- - -å å( log * ) / log
ay

ay ay
ay

ayr rm s2 22

It is easy to show that the MLE forqa* = qa exp(–s2 /2) whenn is
known is given by

log(~ * ) log{~*( )} {log( ) log( )}q q Y r na a
y

ay ay= = -- ån 1

This is an unbiased estimator of log( * ).qa Also, the MLE fors2 is
given by

~ ~ ( )
{log( ) log(~ )}

s s
m2 2

2

= =
-

n
Say ay ayr

AY

where~ ~* .may a ayq n= For knownn, ~s2 is a biased estimator ofs2 ,
and the bias is –s2 /Y. This bias is of a similar order to the bias in
$f. It may be more appropriate to use the bias corrected estimator of
s2 ; however, this does not affect the estimation ofn, which is the
main focus of this paper. The MLE ofqa can easily be obtained us-
ing ~*qa and~s2 . We use~*qa and~s2 to reduce the number of param-
eters to estimate, just as for the gamma case. We also use the same
method to estimate Var($n).

Simulations
In this section, we describe the simulation procedures we use to

compare gamma and lognormal MLEs of SPA parameters. We

consider six fish stocks on which to base our simulations. We use
published time series of catch at age and published estimates of
naY (a = 1,…,A), nAy (y = 1,…,Y – 1), andqa, to generate random
survey indices at age, using eqs. 1, 2, and 3. We generate 1000 sets
of surveys assuming gamma or lognormal errors (2000 in total),
and estimaten twice for each set using gamma and lognormal
MLEs. The only difference between gamma and lognormal simula-
tions is the distribution used to generate the random survey data.
We generate three sets of simulated indices, with CVs of 0.25, 0.5,
and 1. These values cover the range of SPA CVs that are common
in stock assessments. We use the simulations to estimate the bias
and other distributional characteristics of the gamma and log-
normal MLEs ofn.

The six fish stocks we consider are all from the Northwest
Atlantic (see Table 1). The population parameters are taken from
the referenced assessment documents for each stock. We only con-
sider SPAs up to the early 1990s, because commercial fishing mor-
atoria and environmental anomalies after this period complicate the
analysis of several of these stocks. We use an annual mortality rate,
m, of 0.2, to randomly generate survey data in all our simulation
analyses. The same value form is used in estimation. Documents
containing the data used in our analysis can be obtained from the
Canadian Stock Assessment Secretariat, Fisheries and Oceans (Sta-
tion 1256), 200 Kent Street, Ottawa, ON K1A 0E6, Canada, or the
Northwest Atlantic Fisheries Organization, P.O. Box 638,
Dartmouth, NS B2Y 3Y9, Canada.

Results

In some simulations, particularly when the CV = 1, the
parameter estimates were implausibly large. For example,
with one of the pollock simulated data sets, the gamma MLE
of total survivors converged after 29 iterations and was 3.09 ×
1013; however, after eight iterations, the log-likelihood was
within 3.4 units of the maximum but the survivors totalled
only 1.6 × 105, which is relatively close to the population
total of 9.2 × 104. This is a case where the simulated data
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Population Unit area Source Ages Years

Labrador cod 2J3KL Bishop et al. 1993 3–12 1978–1992
Southern Grand Bank cod 3Ps Bishop et al. 1994 3–12 1978–1993
Eastern Scotian Shelf cod 4VsW Mohn and MacEachern 1993 3–15 1971–1992
Browns Bank cod 4X Gavaris et al. 1994 3–10 1970–1992
Scotian Shelf pollock 4VWX Trippel and Brown 1993 2–12 1974–1992
Southern Gulf of St. Lawrence herring 4T Claytor et al. 1992 3–10 1978–1991

Note: Ages and years refer to minimum–maximum ages and first–last years used in the sequential population analysis.

Table 1. Fish populations analyzed.

Survey distribution

CV = 0.5 CV = 1

Lognormal Gamma Lognormal Gamma

Stock LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE

3Ps cod — — — — — 2 23 2
2J3KL cod — — — — — — — —
4VsW cod — — — — — — — —
4X cod 1 1 1 1 24 42 61 14
4T herring — — — — — — 27 16
4VWX pollock — — — — 17 34 42 12
Total 1 1 1 1 41 78 153 44

Note: GMLE and LMLE denote gamma and lognormal maximum likelihood estimators respectively.

Table 2. Number of simulations with large estimates of survivors.
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are non-informative about how large the stock might be. We
decided to remove these cases, to simulate the process that
actually occurs during a stock assessment, that is, such data
would not usually be considered in a stock assessment. We
removed cases if the estimated total abundance of survivors
exceeded 10× the population total abundance of survivors
(i.e., 10 ×SanaY). Both the gamma and lognormal MLEs
were removed if either one produced a large estimate of to-
tal survivors. The frequency of these large estimates is pre-
sented in Table 2. No large estimates were found when the
CV = 0.25. When the CV = 1, the trend over all stocks was
to obtain more large estimates when the error distribution
was wrong, and this occurred more for lognormal MLEs
than for gamma MLEs. We examine the consequences of
not eliminating the large estimates at the end of this section.

Another problem for the remaining pollock simulations
with CV = 1 was that negative variance estimates occurred
three times. This happened twice for gamma MLEs and once
for lognormal MLEs. Negative variances were always asso-
ciated with very low estimates of stock size. The corre-
sponding likelihood surfaces were very flat, and these

simulations represent data sets that are not informative about
how low stock size might be. These cases produced almost
singular Hessian matrices that, when inverted, led to incor-
rect negative variance estimates. These simulations were
also removed from further analysis. Note that negative vari-
ance estimates were also common in the simulations that
produced unreasonably large estimates of stock size.

We focus on the relative performance of gamma and log-
normal MLEs of the unknown SPA survivors,nY. Let $nY

G de-
note the gamma MLEs and let$nY

L denote the lognormal MLEs.
Standardized biases (see eq. 4 below) obtained from the CV =
0.5 simulations for$nY

L and $nY
G are presented in Fig. 1. The

standardization is the same for both$nY
G and $nY

L ; it is

(4) B Y
Y y

s
ave

ave

SD
( $ )

( $ )
n

n n
=

-

where ave($nY) is the average of the simulated$nYs,

SD Var Varave
L G= +[{ ( $ ) ( $ )} / ] /n nY Y 2 1 2,

and Var($n) is the variance of$n calculated over the simulated
estimates. If the only difference in the simulated distribu-
tions of $nY

G and $nY
L is a location shift, then SDave is simply a

combined estimate of the standard deviation. The same
SDave is used for both$nY

G and $nY
L , so that differences in stan-

dardized bias are not the consequence of differences in pre-
cision; however, a different standardization is used in each
panel in Fig. 1 and for each age. We examine the precision
of estimators later. Note that the biases in Fig. 1 tend to be
midway between the biases we found in the CV = 0.25 and
CV = 1 simulations. These results demonstrate thatBs( $nY

G) is
often less thanBs( $nY

L ), even when the survey distribution is
lognormal. This was always the case when the CV = 0.25.
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Fig. 1. Standardized biases for lognormal (solid lines) and gamma
(dotted lines) maximum likelihood estimators of the sequential
population analysis survivors (naY, a = 1,…,A). Panels on theleft
show biases for lognormal-simulated surveys (coefficient of variation
(CV) = 0.5) and panels on the right show biases for gamma-
simulated surveys (CV = 0.5). Each row of panels represents a
particular fish stock: (a) 3Ps cod, (b) 2J3KL cod, (c) 4VsW cod,
(d) 4X cod, (e) 4T herring, and (f) 4VWX pollock.

Fig. 2. Standardized biases for lognormal (solid lines) and
gamma (dotted lines) maximum likelihood estimators of the se-
quential population analysis population numbers at the oldest age
(nAy, y = 1,…,Y). (a) Lognormal-simulated surveys (coefficient of
variation (CV) = 0.5). (b) Gamma-simulated surveys (CV = 0.5).
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The biases fornAy (i.e., $n A) when y < Y are similar in
magnitude to the bias of$n AY, which is shown at the right
end-point in each of the panels in Fig. 1. We present com-
plete bias results for 3Ps cod in Fig. 2. The results demon-
strate that |Bs( $n A

G)| – |Bs( $n A
L )| when the survey distribution is

lognormal is less than |Bs( $n A
L )| – |Bs( $n A

G)| when the survey
distribution is gamma.

The estimated total abundance of survivors (i.e.,SanaY =
n+Y) is a useful quantity to examine in more detail. In Ta-
ble 3, we present the bias, median bias, and simulation stan-
dard deviations for this quantity. The biases and standard
deviations in Table 3 are expressed as percentages of total
population (true) abundances (n+Y), which are also shown in
this table; for example, the average relative percentage bias
is given by

B n
n n

n
Y

Y Y

Y
r

ave
( $ )

( $ )
+

+ +

+
= ´ -æ

è
ç

ö

ø
÷100

The median (med) bias is computed by replacing ave(·) with
med(·). The results for CV = 0.5 are intermediate between
those presented in Table 3.

The relative bias results in Table 3 demonstrate that
|Br( $n Y+

G )| is usually less than |Br( $n Y+
L )|. Also in Table 3, we

show that the median biases for both$n Y+
L and $n Y+

G tend to be
less than the average biases, which is to be expected, be-
cause the distributions of$n Y+

L and $n Y+
G are right-skewed. The

median biases demonstrate that, at least 50% of the time, the
SPA estimates ofn+Y are closer to the population value than
the average biases suggest. The median bias of$n Y+

G tends to

be negative quite frequently, whereas the bias of$n Y+
L is al-

ways positive. Hence, we conclude that, more often than
not, gamma MLEs will underestimate survivors and log-
normal MLEs will overestimate survivors. The relative stan-
dard deviation results in Table 3 demonstrate that, when the
CV = 0.25, both $n Y+

L and $n Y+
G appear to be equally precise,

and there is little loss in precision if the nominal MLE distri-
bution is mis-specified. This is not the case when the CV =
1; however, our results show that a greater loss in precision
is incurred by using$nY

L with gamma surveys than by using
$nY

G with lognormal surveys.
Another useful quantity to examine in detail is the total

exploitation rate in the last year, that is,SacaY / SanaY = FY.
This is the fraction of the initial stock in yearY removed by
the fishery. Exploitation rates are commonly used to assess
the sustainability of a fishery. Average and median biases for
the total exploitation rate are presented in Table 4. The re-
sults when the CV = 1 suggest that, at least 50% of the time,
lognormal MLEs underestimate exploitation rates by a con-
siderably greater amount than gamma MLEs do. A disadvan-
tage of gamma MLEs is that the standard deviations of$FY

G

(see Table 4) tend to be 40% greater than the standard devia-
tions of $FY

L for lognormal surveys with CV = 1, and 20%
greater than the standard deviations of$FY

L for gamma surveys.
The effect of this is that for CV = 1, MSE( $FY

G) > MSE( $FY
L )

even when the surveys are gamma distributed. This is largely
because gamma MLEs overestimate exploitation rates more
than lognormal MLEs. For all six stocks and for lognormal
data with CV = 1, the average 10th percentiles of$F FY Y

L -
and $F FY Y

G - are –52 and –49% ofFY, respectively. For
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Survey distribution

Relative bias (%) Relative median bias (%)

CV = 0.25 CV = 1 CV = 0.25

Lognormal Gamma Lognormal Gamma Lognormal Gamma

Stock LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE

3Ps cod (108.6) 2 0 2 1 35 17 98 21 2 –0 2 0
2J3KL cod (335.8) 2 0 3 1 27 6 67 19 1 –1 2 0
4VsW cod (50.6) 1 –0 2 0 21 –1 52 12 1 –1 1 –1
4X cod (21.8) 3 1 3 0 63 88 175 41 1 –1 2 –1
4T herring (1940.6) 3 1 2 0 36 28 136 42 1 0 1 –1

Note: GMLE and LMLE denote gamma and lognormal MLEs. Values in parentheses are population total survivors (millions).

Table 3. Relative bias (%), relative median bias (%), and relative standard deviations (%) for maximum likelihood estimators (MLEs)

Survey distribution

Relative bias (%) Relative median bias (%)

CV = 0.25 CV = 1 CV = 0.25

Lognormal Gamma Lognormal Gamma Lognormal Gamma

Stock LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE

3Ps cod (0.10) –1 1 –1 1 –10 10 –26 4 –2 0 –2 –0
2J3KL cod (0.11) –1 1 –1 0 –9 13 –23 3 –1 1 –2 –0
4VsW cod (0.46) –0 1 –1 1 –8 17 –20 5 –1 1 –1 1
4X cod (0.47) –1 1 –1 2 –15 –1 –30 9 –1 1 –2 1
4T herring (0.07) –1 0 –0 1 –7 3 –14 7 –1 –0 –1 1

Note: GMLE and LMLE denote gamma and lognormal MLEs. Values in parentheses are the population total exploitation rate.

Table 4. Relative bias (%), relative median bias (%), and relative standard deviations (%) for maximum likelihood estimators (MLEs)
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gamma surveys, the average 10th percentiles of$F FY Y
L -

and $F FY Y
G - are –68 and –50% ofFY, respectively. How-

ever, the 90th percentiles of$F FY Y
L - and $F FY Y

G - are 36
and 70% ofFY, respectively, for lognormal surveys and 33
and 73% ofFY, respectively, for gamma surveys.

An important aspect of SPA is the “correctness” of infer-
ences, that is, how well do confidence intervals (CIs) cover
population values. Of specific interest to us is how CIs based
on the lognormal- or gamma-distribution assumptions com-
pare, especially when the distribution is mis-specified. We
investigate this using CIs based on a normal approximation
for the distribution of MLEs. LetV–1 be the observed infor-
mation matrix based on ln(n) parameters. We nominally as-
sume that

(5)
ln( $) ln(

/

n n- )
V1 2

has a standard normal distribution, and use this statistic to
construct CIs. These intervals are commonly used for SPA
inference, and give a simple way to compare the potential
accuracy of inferences for gamma and lognormal MLEs. In
our simulations, we count the number of times population
values exceed CIs. Lower CIs are of particular importance
for fisheries management. In Fig. 3, we plot the observed
proportion of times in the CV = 0.5 simulations that popula-
tion values for survivors were less than the 95% lower confi-
dence limit. The limit based on eq. 5 appears too large,
because population values are smaller than this limit with a
frequency greater than the nominal 5% value. Nonetheless,
the relative inaccuracy of the gamma-based lower limit com-

pared with the lognormal limit when the surveys are log-
normal is less than the inaccuracy of the lognormal-based
lower limit compared with the gamma limit when the sur-
veys are gamma. Similar results were obtained when the
CV = 1. When the CV = 0.25 (results not shown), the limit
based on the gamma assumption is more accurate than the
limit based on the lognormal assumption, even when the dis-
tribution is mis-specified.

In the above analyses, we eliminated estimates that were
implausibly high, that is, 10 times the truth. Our general re-
sults were robust to changes to this procedure. If fewer very
large estimates were removed, the bias of the lognormal esti-
mator increased greatly, while if estimates five times the
truth were eliminated, the bias was reduced. In both cases,
the gamma MLEs seemed preferable.

Discussion

We have found that assumptions about the distribution of
research-survey indices in the method most commonly used
to estimate the abundance of marine fish populations in the
North Atlantic have a large effect on the bias of important
parameters for fisheries managers. The lognormal distribution
is commonly used for SPA estimation and inference; however,
the gamma distribution appears preferable. This is because
gamma MLEs have less bias even when the true distribution
of survey indices is lognormal or, at least, the increase in bias
when using gamma MLEs with lognormal-distributed surveys
is less than the increase in bias when using lognormal MLEs
with gamma-distributed surveys. Our results also suggest that,
for estimating population size, the loss in precision using
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Relative standard deviations (%)

CV= 1 CV = 0.25 CV = 1

Lognormal Gamma Lognormal Gamma Lognormal Gamma

LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE

21 –1 55 9 12 12 12 12 84 120 216 59
18 –3 48 11 11 11 11 11 52 47 88 54
14 –9 40 5 10 10 10 9 43 40 69 44
26 11 68 9 15 14 15 14 143 356 540 240
15 6 37 6 13 13 13 13 81 83 478 166

of total survivors.

Relative standard deviations (%)

CV = 1 CV = 0.25 CV = 1

Lognormal Gamma Lognormal Gamma Lognormal Gamma

LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE LMLE GMLE

–17 1 –35 –9 12 12 11 12 38 54 46 57
–15 4 –32 –10 11 11 11 11 35 51 42 53
–12 9 –28 –4 9 10 9 9 31 45 40 46
–21 –10 –41 –8 14 14 14 14 42 57 49 70
–13 –6 –27 –6 13 13 13 13 43 51 59 64

of the total exploitation rate in the last sequential population analysis year.
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lognormal MLEs with gamma-distributed surveys tends to be
greater than the loss in precision using gamma MLEs with
lognormal-distributed surveys. Our results also suggest that
more accurate and robust lower CIs for population size may
be obtained using the gamma-distribution assumption rather
than the lognormal-distribution assumption.

Our conclusions agree with those presented by Firth (1988),
who showed that the loss in asymptotic efficiency of gamma
MLEs when errors are lognormally distributed is less than
the loss associated with lognormal MLEs when the errors
are gamma distributed. Our results are also consistent with
Myers and Pepin (1990), who found that methods that rely
on the lognormal assumption may produce large biases and
loss of efficiency, if there are even small deviations from the
assumptions.

One deficiency of gamma MLEs of SPA exploitation rates
compared with lognormal MLEs is that gamma MLEs were
found to be less precise than lognormal MLEs, even when
the surveys were gamma distributed. This could be serious,
because exploitation rates often play an important role in

setting commercial-fishery catch quotas; that is, often quotas
are selected that give a low predicted exploitation rate. Our
results show that the difference in precision is because
gamma MLEs tend to overestimate exploitation rates more
than lognormal MLEs, that is, the probability of getting a
large estimate of the exploitation rate in the last SPA year is
considerably greater for gamma MLEs than for lognormal
MLEs. This is a less serious conservation error than under-
estimating exploitation rates and overestimating stock size,
which is more of a problem for lognormal than gamma
MLEs. Consequently, the decreased precision of gamma
MLEs for estimating exploitation rates compared with log-
normal MLEs is not a good reason to favor the use of
lognormal MLEs.

Some of our assumptions may be violated for some data
sets. In particular, there may be errors in the observed com-
mercial catches, and natural mortality may vary over time
and age. Violation of either of these assumptions may create
biases and increase estimation error variance (Lapointe et al.
1989; Clark 1999). Trends in unreported catch or discarding
can have disastrous consequences in a collapsing fishery
(Myers et al. 1997). Another problem is that survey indices
may not be independent within years (Myers and Cadigan
1995) for some stocks. We have limited our analyses to the
model defined by eqs. 2 and 3, because it accounts for a ma-
jor source of variability (surveys, see Rivard 1989), and it is
desirable for our analyses to be applicable to fish stock as-
sessment methods that are commonly used, at least for North
Atlantic stocks. It also seems unlikely that lognormal MLEs
may be preferable to gamma MLEs, because some other part
of the SPA model is mis-specified. Nonetheless, the estima-
tion biases we report may be small for some stocks com-
pared with the biases that can result from using incorrect
catches and wrong values for natural mortality.

Our approach to SPA estimation is somewhat nonstandard
in North Atlantic assessments, in that we treat as unknown
both the survivors (nY) and the numbers in the oldest age-
class of the cohort model (nA). Typically, the latter numbers
are approximated using constraints on their fishing mortali-
ties. This reduces the number of parameters to estimate, but
also complicates estimation. We feel that our results will
apply when constraints on fishing mortalities are used, pro-
viding the constraints are good approximations of reality.
Otherwise the choice of error distribution may be a minor
problem in terms of the biases caused by incorrectly model-
ing thenA. In this respect, our results also suggest that, when
the survey SPA errors are not too large (CV£ 0.5), then it is
possible to estimate thenA andnY with reasonable accuracy,
and we recommend doing this at least as a diagnostic check
for the suitability of fishing-mortality constraints.

More complicated and possibly more realistic stochastic
assumptions are also used for modeling catch-at-age data.
Examples are found in Deriso et al. (1985) and Gudmundsson
(1994). These methods all involve stochastic models for com-
mercial catches. The catch models usually expresscay in terms
of population numbers, using a commercial fishery selectivity
model. These methods may also allow for errors in assump-
tions about the annual natural mortality rate,m. Quite often
these methods incorporate additional information, like the ef-
fort expended by the commercial fleet to obtain catches. The
applicability of our results to these other methods is difficult
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Fig. 3. Simulation probabilities that sequential population analy-
sis survivors (naY, a = 1,…,A) are less than lower confidence
limits based on lognormal (solid lines) and gamma (dotted lines)
maximum likelihood estimators. Panels on the left show biases
for lognormal-simulated surveys (coefficient of variation (CV) =
0.5). Panels on the right show biases for gamma-simulated sur-
veys (CV = 0.5). Each row of panels represents a particular fish
stock: (a) 3Ps cod, (b) 2J3KL cod, (c) 4VsW cod, (d) 4X cod,
(e) 4T herring, and (f) 4VWX pollock. The nominal probability
of exceeding the confidence limit is shown as a broken line.
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to predict, however our comments in the previous two para-
graphs also apply to these more complicated approaches; for
example, if the fishery-selectivity model is mis-specified, then
the choice of survey SPA error distribution may be a minor
problem compared with the effect of incorrectly modeling
commercial-catch information.

Gamma and lognormal MLEs produce different estimates,
essentially because both distributions give different weights
to the deviations between observations and predictions. An
alternative approach is to use quasi-likelihood methods (see
McCullagh and Nelder 1989), as they only use information
on the first two moments.
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